Abstract. It has been observed that most manifolds in the Callahan-HildebrandWeeks census of cusped hyperbolic 3-manifolds are obtained by surgery on the minimally twisted 5-chain link; a full classification of the exceptional surgeries on the 5-chain link has recently been completed. In this article, we provide a complete classification of the sets of exceptional slopes and fillings for all cusped hyperbolic surgeries on the minimally twisted 5-chain link, thereby describing the sets of exceptional slopes and fillings for most hyperbolic manifolds of small complexity and providing supporting evidence for some well-known conjectures.
Introduction
The set of exceptional slopes on a boundary component of a cusped hyperbolic manifold has generated a lot of interest in the literature; there are many restrictions on the set of exceptional slopes on a boundary component of a hyperbolic 3-manifold M and its corresponding fillings, for example, no such M has two distinct S 3 fillings [GL1] or more than 10 exceptional slopes [LM] . However, it is still not known if a hyperbolic knot exterior in S 3 can have a reducible filling, or if M can have a pair of exceptional slopes α and β corresponding to a lens space and toroidal space so that the distance (minimal number of intersections) between α and β is 4. Conjecturally, neither are possible, see [GAS] and [Lee] respectively. Moreover, it is conjecturally the case that the figure-eight knot exterior is the unique one-cusped hyperbolic manifold with 10 exceptional slopes [G1] and that the figure-eight knot exterior and its sister are the unique one-cusped hyperbolic manifolds having two exceptional slopes at distance 8, see [Kir] . In this article, by classifying the sets of exceptional slopes and the corresponding fillings for all manifolds obtained by surgery on the minimally twisted 5-chain link (see the rightmost link in Figure 1 ), we provide experimental evidence that supports these conjectures:
The author was supported as a member of the Italian FIRB project 'Geometry and topology of low-dimensional manifolds' (RBFR10GHHH). Theorem 1. If M is a cusped hyperbolic manifold obtained by surgery on the minimally twisted 5-chain link then:
• M is not the exterior of a knot with a reducible filling; • M does not have a lens space and toroidal filling at distance 4;
• If M has 10 exceptional slopes then M is the figure-8 knot exterior;
• If M has exceptional slopes at distance 8 then M is either the figure-8 knot exterior or the figure-8 knot exterior sister.
1.1. The minimally twisted 5-chain link. A notable collection of chain links is described in [MPR] ; they are the figure-8 knot, the Whitehead link, the 3-chain link, the 4-chain link with a half twist, and the minimally twisted 5-chain link. These links are shown in Figure 1 . We follow [MPR] and denote these chain links by 1CL, 2CL, 3CL, 4CL and 5CL, and their exteriors by M 1 , M 2 , M 3 , M 4 , M 5 respectively. The significance of this sequence of links comes from the following facts: each M i is the (or conjecturally the) smallest volume hyperbolic 3-manifold with i cusps, see [Ago] and [Yos] ; more than 80% of the cusped hyperbolic 3-manifolds from the Callahan-Hildebrand-Weeks census [CHW] are surgeries on 5CL (personal communication with Nathan Dunfield); 5CL relates to the program of enumerating exceptional pairs at maximal distance, in particular, all knots realising half-integral toroidal surgeries [GL2] , many of the knots realising lens space surgeries [Bak] , and all cusped hyperbolic 3-manifolds with distinct reducible and toroidal fillings at maximal distance [Kan] are obtained by surgery on 5CL.
It is easy to see that if ∂M n is equipped with the usual (meridian, longitude) homology basis then a −1 filling on any boundary component of M n results in M n−1 , and, as a result, that any manifold obtained by surgery on (n − 1)CL is obtained by surgery on nCL. A classification of the exceptional surgeries on 3CL is given in [MP] together with a complete description of the set of exceptional slopes, and corresponding exceptional fillings, on the boundary components of all hyperbolic manifolds obtained by surgery on 3CL. A classification of exceptional surgeries on 5CL is found in [MPR] ; in this article we completely describe the sets of exceptional slopes and corresponding exceptional fillings of any manifold obtained by surgery on 5CL. To simplify matters, we only consider the 'new' manifolds obtained by surgery on 5CL; namely we only consider surgeries on 5CL and 4CL that are not obtained by surgery on 3CL. In particular, Theorems 3 and 4 provide explicit descriptions of the sets of exceptional slopes and corresponding fillings for all hyperbolic surgeries of 5CL not obtained by surgery on 3CL, and Theorem 1 will be an easy consequence.
1.2. Article structure. We start with Section 2 where we recall the classification from [MPR] . In order to do so, we begin by recalling and introducing terminology in Subsection 2.1. The main results of this article are stated and proved in Section 3 and refer to the tables found in Section 4.
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Background Terminology and Results

2.1.
Terminology. We begin with some general terminology, and we introduce the notion of an "exceptional filling instruction" used in Theorems 3 and 4.
Fix an orientable compact 3-manifold X with ∂X consisting of tori:
• A slope on a boundary component τ of X is the isotopy class of a non-trivial unoriented loop on τ ; • A filling instruction α for X is a set consisting of either a slope or the empty set for each component of ∂X; • The filling X(α) given by an instruction α is the manifold obtained by attaching one solid torus to ∂X for each (non-empty) slope in α, with the meridian of the solid torus attached to the slope.
We recall that if M is a hyperbolic non-compact finite-volume 3-manifold then M = int(X) with ∂X consisting of tori, and that int(X(α)) is hyperbolic for all but finitely many α's consisting of one slope and ∅'s [LM] .
• If the interior of X is hyperbolic but the interior of X(α) is not, we say that α is an exceptional filling instruction for X and that X(α) is an exceptional filling of X; • We say that an exceptional filling instruction α on a hyperbolic X is isolated if X(β) is hyperbolic for all β properly contained in α; for such an α we call X(α) an isolated exceptional filling of X.
A surgery on a link L corresponds to a filling of the exterior of L, that is, to a filling of M \N (L) where N (L) is an open regular neighbourhood of L. By a surgery instruction for L we mean a filling instruction on the exterior of L.
We now recall some standard notation used in the description of the set of exceptional slopes on a fixed boundary component of a hyperbolic manifold, see for example [G2] . If X is a hyperbolic 3-manifold with boundary consisting of tori and τ is a fixed boundary component of ∂X then the set of exceptional slopes on τ is denoted by E τ (X), and the cardinality of E τ (X) by e τ (X). To describe E τ (M 5 (α)) we introduce the following definition:
Definition Let α be a filling instruction on a manifold X. We say that α factors through a manifold Y if there exists some filling instruction β ⊂ α such that Y = X(β).
Note that if α is exceptional for X and factors through a hyperbolic Y with Y = X(β), then α\β is exceptional for Y .
2.2. Exceptional fillings of M 5 . Our description of the exceptional fillings of M 5 (γ) will employ the notation now discussed for Seifert manifolds with orientable base surface. Given integers p 1 , . . . , p n , q 1 , . . . , q n , with p i > 1 and G an orientable surface with k ≥ 0 boundary components b 1 . . . b k , we let Σ denote the surface obtained by removing n open discs from G and we denote by b k+1 , . . . , b k+n the n newly introduced boundary circles. We fix an orientation on Σ × S 1 and orient
. We denote by (G, (p 1 , q 1 ), . . . (p n , q n )), the manifold obtained by performing a Dehn filling on each
In our case, G will be either the disc D, the annulus A, or the sphere S 2 .
Given Seifert manifolds X and Y with orientable base surfaces with boundary as described above, and B ∈ GL(2, Z) with det(B) = −1, we define X B Y unambiguously to be the quotient manifold X f Y where f : T → U for T and U arbitrary boundary components of X and Y respectively, and f acting on homology by B with respect to the bases described above. The case T, U ⊂ ∂X, T = U is also allowed and we write the quotient manifold as X B .
For the purposes of Theorem 3 and 4, we employ a flexible notation for Seifert manifolds. We will formally identify an ∅ slope with 0 0 and allow parameters (p i , q i ) to be arbitrary elements of Z 2 .
2.3. Exceptional surgery instructions on 5CL. By ordering the components of 5CL cyclically, surgery instructions on 5CL can be naturally identified with (Q ∪ {∅, ∞}) 5 . Given such an instruction α, the symmetry group of M 5 (α) has a natural action on the boundary components of M 5 (α). This action induces an action on the filling instructions on M 5 (α). Among the most significant actions arising we mention those coming from the symmetry group of M 5 , see (1)- (3) below, a symmetry of M 4 which may be deduced from the Fenn-Rourke blowdown move on 5CL, see (4), and from the amphichirality of the figure-8 knot (5); see [MPR] for full details.
Since the action of the maps (1) and (2) is very easily understandable while that of (3)- (5) is more involved, we introduce the symbol [α] for the equivalence class of a filling instruction α under (1) and (2) only, and the symbol [[α] ] for the equivalence class of α under (1)- (5).
For a filling instruction α on M 5 we will often simplify notation by omitting empty slopes but leaving the subscripts on non-empty slopes. For example, ((−1) 1 , (−1) 3 ) corresponds to the filling instruction (∅, µ 1 − λ 1 , ∅, µ 3 − λ 3 , ∅) with (µ i , λ i ) the (meridian, longitude) basis of the homology of the i th cusp. Note that for any
) are defined without ambiguity. Our convention will be that a filling , ∅). We now state the main result of [MPR] .
Theorem 2. Every exceptional filling instruction on M 5 is equivalent up to a composition of the symmetries (1)-(5) to a filling instruction containing one of:
or 4 e τ (M 5 (γ)) 5 and Tables 1-4 in Section 4, and with respect to the basis induced from M 5 we have Table 1 ;
where β, β 1 , β 2 are found in Tables 1-4 .
• Identities (6)- (8) , ∅), the corresponding result for M 4 is:
Theorem 4. Let γ be a hyperbolic filling instruction on M 4 containing at least one ∅ and not factoring through M 3 , and let τ a boundary component of ∂M 4 (γ); then either e τ (M 4 (γ)) = 4 and, with respect to the basis induced from M 4 , we have E τ (M 4 (γ)) = {0, 1, 2, ∞} and
or 5 e τ (M 4 (γ)) 6 and Tables 5-6 , in Section 4, and with respect to the basis induced from M 4 we have Table 5 ;
where β, β 1 , β 2 are found in Tables 5 and 6. • Identities (9)- (12) hold, and the M 5 (α)(β i ), M 4 (α)(β) are shown in Tables  5 and 6 .
While proving Theorems 3 and 4 we will often see identities between fillings of the M i . When a homeomorphism M 5 (α) M 5 (β) follows as a consequence of maps (1)-(5) we will write M 5 (α) ∼ M 5 (β). In addition to realising homeomorphisms between fillings of M 5 , we will often use the Rolfsen twist (see [Rol] ) to obtain homeomorphisms between fillings of the M i ; when
Proof of Theorem 3. By (1)- (5), we have (6) is established in [MPR] , and Identities (7) and (8) are established using (1)- (3) and (6). We will now describe up to (1)- (3) all hyperbolic γ's not factoring through M 4 with e τ (M 5 (γ)) > 3. For such γ, using (1)- (2), we may assume that τ corresponds to the neighbourhood of the fourth chain component of 5CL.
So we suppose that γ 0 , γ 1 , γ 2 , γ 3 ∈ Q ∪ {∅}, with γ = (γ 0 , γ 1 , γ 2 , γ 3 ) a hyperbolic filling instruction on M 5 that does not factor through M 4 . If β is an exceptional slope on M 5 (γ) then, up to (1) , 2} and α 0 = −2. We define (α, β) to be (α 0 , α 1 , α 2 , α 3 , β). If β is an exceptional slope of M 5 (α) then (α, β) contains an isolated exceptional filling instruction by Theorem 2. Moreover, using Theorem 2, if (α, β) contains an isolated exceptional filling instruction then either β is a slope in [[ (1) , 2}. We define the following sets of (α, β)'s;
• We define l to be the set of exceptional (α, β)'s such that M 5 (α, β) is in {m 1 , m 2 , m 3 };
• We define l −1 to be the set of exceptional (α, β)'s factoring through M 3 with β = −1; • We define l 1 2 to be the set of exceptional (α, β)'s factoring through M 3 with β = 1 2 ;
• We define l 2 to be the set of exceptional (α, β)'s factoring through M 3 with β = 2;
We know that, every γ with M 5 (γ) a hyperbolic manifold, γ not factoring through M 4 , and
∪ l 2 is the set of all exceptional filling instructions (α, β) factoring through M 3 with M 5 (α) hyperbolic not factoring through M 4 and α 0 = −2, and the set l is the set of all exceptional filling instructions (α, β) not factoring through M 3 with α 0 = −2.
So, up to (1)-(3) every hyperbolic filling instruction γ not factoring through M 4 with e τ (M 5 (γ)) > 3 is equivalent to a filling instruction α of the form (−2, α 1 , α 2 , α 3 ), every (−2, α 1 , α 2 , α 3 ) with e τ (M 5 (−2, α 1 , α 2 , α 3 ) > 3 and (−2, α 1 , α 2 , α 3 ) not factoring through M 4 is some α in l ∪ l −1 ∪ l1 2 ∪ l 2 , and every exceptional slope on
∪ l 2 . Now we can easily describe, up to ∼, all such α with more than 3 exceptional slopes.
Let p :
It is clear that E τ M 5 (α) = {0, 1, ∞} ∪ B α and that { M 5 (α), E τ (M 5 (α)) } α is a complete list of all M 5 (α), E τ (M 5 (α)) pairs with α = (−2, α 1 , α 2 , α 3 ), M 5 (α) hyperbolic and e τ M 5 (α) > 3. We now explicitly construct the sets l, l −1 , l1 2 , l 2 . Construction of the set l: We can see using maps (1)-(5) that every (α, β) with M 5 (α, β) = m i with α 0 = −2 and α hyperbolic not factoring through M 4 is contained in the following set l = − 2, .
Before constructing the sets l −1 , l1 2 , l 2 we make some initial remarks. It is easy to see that if a surgery instruction on 5CL contains ((−1) 0 , (−1) 2 ), then it factors through M 3 . Up to the action of maps (1)-(5) the surgery instruction ((−1) 0 , (−1) 2 ) is equivalent to the following surgery instructions:
We will now see that the requirements of α being hyperbolic and not factoring through M 4 allow us to completely construct l −1 , l1 2 , l 2 . Construction of the set l −1 : In this case, for α = (−2, α 1 , α 2 , α 3 ), we have M 5 (α)(−1) M 3 (α 1 + 1, α 2 , α 3 + 2), and (α, β) is an exceptional filling of M 5 if and only if (α 1 + 1, α 2 , α 3 + 2) contains an isolated exceptional filling instruction on M 3 ; i.e. using the classification in [MP] we can see that −1 is an exceptional slope on M 5 (α) if (α 1 + 1, α 2 , α 3 + 2) contains an isolated instruction in 0, 1, 2, 3, ∞, (−1, −1), (4, ), ( Thus, the set of all (−2, α 1 , α 2 , α 3 , −1) constructed in the above analysis is the set l −1 .
Construction of the set l1 2 : Reasoning as in the case β = −1 we see (α, β) factors through M 3 when one of α 1 , α 2 is in { ) with the desired properties. If α 3 = 3 then
The result is that
is an exceptional slope on M 5 − 2, α 1 , α 2 , α 3 if and only if one of the following holds; α
is an exceptional slope on M 5 −2, α 1 , α 2 , α 3 if and only if one of the following holds; (1−α 2 ) −1 = 3, 3−α
), (4, ).
The result is that 1 2
is an exceptional slope on M 5 −2, α 1 , α 2 , α 3 if and only if one of the following holds; 1
).
We see that
is an exceptional slope on M 5 − 2, α 1 , α 2 , α 3 if and only if one of the following holds; α 3 = 3, (α 3 , 1
We find that 1 2
is an exceptional slope on M 5 −2, α 1 , α 2 , α 3 if and only if one of the following holds; 2 + (1 − α
, 5 2
is an exceptional slope on M 5 − 2, α 1 , α 2 , α 3 if and only if one of the following holds; (1 − α
). Thus, the set of all (−2, α 1 , α 2 , α 3 , 1 2 ) constructed in the above analysis is the set l1 2 . Construction of the set l 2 : For (α, β) = (−2, α 1 , α 2 , α 3 , 2) to factor through M 3 we need one of α 1 , α 2 to be in {−2, − 1 2
. We construct all (α, β) for each of these 6 cases individually.
If
, −1} and 1+(1−α 3 ) −1 ∈ {2, ∞, 1,
, 0, 3}. From [MP] we see that 2 is exceptional if and only if one of the following holds; 1 − α
), (4,
Using [MP] we get that 2 is exceptional on M 5 (α) if and only if one of the following holds; 1 − α
We find that 2 is exceptional on M 5 (α) if and only if one of the following holds;
) . If
We observe that 2 is exceptional on M 5 (α) if and only if one of the following holds;
We get that 2 is exceptional on M 5 (α) if and only if one of the following holds; 2 + α −1
The result is that 2 is an exceptional slope on M 5 (α) if and only if one of the following holds; α 2 + 2 = 0, (α 2 + 2, 2 − α
, 5 2 ), (−1, −1), (−1, 4). Thus, the set of all (−2, α 1 , α 2 , α 3 , 2) constructed in the above analysis is the set l 2 .
This completes the construction of l∪l −1 ∪l1 2 ∪l 2 and the sets {(M 5 (α), E τ (M 5 (α))}. The last step is to reduce the size of {(M 5 (α), E τ (M 5 (α))} using maps (1) Tables 1-4 are written down using the description of isolated exceptional fillings of M 3 and M 5 provided in [MP] and [MPR] respectively.
The proof of Theorem 4 follows a similar line of reasoning:
Proof of Theorem 4.
We let γ = (γ 0 , γ 1 , γ 2 , γ 3 ) be a hyperbolic filling instruction on M 4 with at least on ∅ slope. We translate the problem on 4CL into a problem on 5CL; using the Rolfsen twist we see that M 4 (γ) M 5 (δ) where δ = (γ 0 − 1, γ 1 , γ 2 , γ 3 − 1, −1) (here γ 0 − 1, γ 3 − 1 should be read as ∅ when γ 0 , γ 3 = ∅). Now the argument proceeds exactly as in the proof of Theorem 3.
We use Identities (1)- (3) to assume without loss of generality that δ 0 = −1 and that τ is the boundary corresponding to the neighbourhood of the 4th chain component of 5CL; namely we can assume δ = (δ 0 , δ 1 , δ 2 , δ 3 , ∅) is a hyperbolic filling instruction on M 5 that does not factor through M 3 , and that some slope of δ is in {−1, 1 2 , 2}. The conditions of δ being non-exceptional and not factoring through M 3 means that δ 1 ∈ {0, 1, ∞, −1, −2, − 1 2 } and δ 2 , δ 3 ∈ {0, 1, ∞, −1, 3 2 , 3}. Theorem 2 implies that every β ∈ {−1, 0, 1, ∞} is an exceptional slope on M 5 (δ), and so {−1, 0, 1, ∞} ⊆ E τ (M 5 (δ)) and e τ (M 5 (δ)) ≥ 4. Identities (9)-(11) follow directly from Identities (6)- (8) while (12) is established using (4) and then a composition of (1) , ∅ hyperbolic not factoring through M 3 with e M 5 (δ) > 4. Lastly, the list of δ produced is reduced using the maps (1)- (5), and a positive twist about the zeroth component of the 5CL gives the list of α's on M 4 and the exceptional slopes β i on M 4 (α) shown in Table 5 -6. The corresponding exceptional manifolds shown in Tables 5-6 are written down using the description of exceptional fillings on M 3 and M 5 provided in [MP] and [MPR] .
We finish by pointing out that Theorems 3 and 4 imply that any one-cusped hyperbolic manifold M obtained by surgery on 5CL with 10 exceptional slopes, or having two exceptional slopes at distance 8, is obtained by surgery on 3CL and that the only such M 's obtained by surgery on 3CL are the figure-8 knot exterior and its sister (see the Appendix in [MP] ) which shows the final two assertions of Theorem 1. The second assertion in Theorem 1 is a simple consequence of the fact that, up to (1)-(5), the only M 5 (α) with a pair of exceptional slopes at distance 4 with α not factoring through M 3 is M 4 (−2, − , −2)(3) are not lens spaces; all M 3 (α) with a pair of exceptional slopes at distance 4 can be found in [MP] , and it is not hard to check that the corresponding pair of exceptional fillings are never a lens space, toroidal pair. Lastly, we remark that the description of exceptional fillings provided in Theorems 3 and 4, and [MP] can be used to easily enumerate all examples of exceptional pairs at maximal distance; one such enumeration shows that no counterexample to the Cabling conjecture is obtained by surgery on 5CL (see [Rou] for full details).
Tables
, −2)
) Table 1 . α a filling instruction on M 5 not factoring through M 4 with e τ M 5 (α) = 5, and E τ M 5 (α) = {β 1 , β 2 , 0, 1, ∞}. Table 5 . α a filling instruction on M 4 not factoring through M 3 with e τ (M 4 (α) = 6, and E τ M 4 (α) = {β 1 , β 2 , 0, 1, 2, ∞}. Table 6 . α a filling instruction on M 4 not factoring through M 3 with e τ (M 4 (α) = 5, and E τ M 4 (α) = {β, 0, 1, 2, ∞}.
